A nonminimally coupled hybrid dark energy model is introduced. The dark energy evolution is triggered by mass varying neutrinos. Quintessence evolution begins from an initial point, with an insignificant dark energy density, and arrives at a final de Sitter attractor. While initially, for a Higgs-like potential, the non-minimal coupling keeps the system in a state with negligible dark energy density, finally the second quintessence conducts the evolution to a stable fixed point. These evolutions occur through successive Z 2 symmetry breakings.
Introduction
There is much evidence that the current expansion of the Universe is accelerating [1] [2] [3] [4] . To describe the origin of this phenomenon, many attempts such as introducing additional dark energy hypothetical fields, like the quintessence scalar field, modifying the Einstein theory of gravity and so on, have been made [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Despite the negative equation of state parameter (EoS) of dark energy, dark energy and dark matter densities are of the same order today. Hence the dark energy density has been negligible in the past and earlier epochs and only in the recent time it has become dominant. To describe this via a dynamical dark energy, one may assume that something happened to activate the dark energy component. This activation could be realized by interactions between dark energy and other components such that by the evolution of these components the dark energy behavior changed. As an example assume that, due to the interaction of the quintessence with the matter, the quintessence squared effective mass becomes µ 2 ef f. = ρ m − ρ c . When, due to the redshift, the matter density (ρ m ) becomes less than the critical density (ρ c ), we have µ 2 ef f. < 0. For a Higgs like potential, this triggers the evolution of the quintessence. This idea was proposed and employed in the symmetron cosmology model [23] [24] [25] , and is based on Z 2 symmetry breaking. However, in the symmetron model, through the symmetry breaking, the quintessence potential becomes negative unless we add a cosmological constant to the theory to provide the positive potential required for the acceleration [26] . This makes this theory indistinguishable from ΛCDM [23] . In this model, like some other screening models, the coupling may also be derived from a conformal coupling in matter sector, resulting in a term proportional to ρ m − 3P m in the quintessence squared effective mass term. For pressureless matter, we have P m = 0, and the quintessence behavior is only affected by the matter density ρ m − 3P m = ρ m .
To activate the quintessence through the symmetry breaking, there are also other possibilities. For example consider a component, denoted by ν, which was relativistic in the early epoch: ρ ν − 3P ν = 0, but became nonrelativistic later, so that ρ ν − 3P ν = ρ ν , changing the quintessence effective potential at the late time. This can force dark energy to start its evolution through the Z 2 symmetry breaking. Inspired by [27] , this idea was proposed in [28] , where the rise of dark energy was related to the massive neutrinos. However, in that model, the massive neutrinos redshift like dust, and the effective potential, affected by ρ ν , reduces finally to its initial form and the acceleration is not persistent. To have a permanent acceleration like a de Sitter expansion at the late time, an additional coupling is required. For example, the symmetron model with a non-minimal coupling to the torsion scalar has a late time de Sitter stable solution but with the price of losing the Lorentz symmetry [29, 30] . A more natural assumption is the non-minimal coupling of the quintessence φ to the Ricci scalar through a term proportional to Rφ 2 , which can be justified by renormalizability in first loop corrections. This model has been employed in the literature to study the inflation and the late time acceleration [31] . Equipped with a hybrid quintessence, this model has a de Sitter attractor solution [32] .
In this paper, we try to describe the onset of the dark energy by Z 2 symmetry breaking caused by massive neutrinos. Using the nonminimally coupled hybrid model, we investigate the possibility to have an attractor solution corresponding to the late time de Sitter expansion.
The scheme of the paper is as follows: In the second section, we nonminimally couple the quintessence to the Ricci scalar and also to the massive neutrinos and show whether the change of the neutrino behavior, from relativistic to non-relativistic, can trigger the evolution of the quintessence through the Z 2 symmetry breaking. In the third section, we investigate the possibility to have an attractor solution in the corresponding hybrid model. We finally conclude our results in the fourth section.
Throughout the paper we use the natural units with 8πG = 1, hence = c = 8πG = 1. We take also the Boltzmann constant as k B = 1 and our convention for the metric signature is (-,+,+,+).
2 Mass varying neutrino in non-minimally coupled quintessence model, and cosmic acceleration
We begin with the action
where r stands for the relativistic matter, m for the pressureless matter and ν for the neutrinos. Note that in our units, the reduced Planck mass is M P = 1. V (φ) is the quintessence potential. ǫ ∈ ℜ, and R is the Ricci scalar.
There is a conformal coupling in the neutrino sectorg µν = A 2 (φ)g µν , where A(φ) is a positive function. Note that the quintessence-neutrino interaction could be also introduced in the context of mass varying neutrino without using the conformal coupling method [27, 28] . By adopting a spatially flat Friedmann-Lemaitre-Robertson-Walker (FLRW) metric
where a(t) is the scale factor, variation of (1) with respect to the metric yields to the Friedmann equation
with H =ȧ a being the Hubble parameter, and the evolution of the Hubble parameter is given byḢ
where ρ i and P i are the energy density and pressure of the ith cosmic fluid, respectively. Also, the energy density ρ φ and pressure P φ of the quintessence are given by
and
For cosmic acceleration we require to have H 2 +Ḣ > 0. ForḢ > 0 we have super-acceleration which implies P φ < −ρ φ . Note that in the case of minimal coupling, i.e. ǫ = 0, we have P φ = 1 2φ
2 − V (φ) and ρ φ = 1 2φ
2 + V (φ), and the super-acceleration is forbidden.
Variation of (1) with respect to φ gives
where V ef f.,φ (φ) = dV ef f. (φ) dφ and the effective potential is given by
where R is the Ricci scalar which in terms of the Hubble parameter is R = 6Ḣ + 12H 2 . Also, the continuity equations are given bẏ
By using Fermi-Dirac distribution for neutrinos which are in thermal equilibrium and whose masses are φ dependent, one finds [33, 34] 
therefore, taking
, results in (12) , where M is a mass scale. In other words the two approaches, i.e. mass varying neutrino whose mass depends on the scalar field φ [33] [34] [35] , and conformal coupling in neutrino sector through a function of φ [28] , give the same equations of motion [28] .
For relativistic neutrinos, m ν ≪ T ν , we havë
and V ef f.,φ = ǫRφ + V ,φ . While for non-relativistic neutrinos, m ν ≫ T ν ,
In this case, we can define a rescaled energy densityρ ν = A −1 ρ ν in terms of which (14) reduces toρ
andφ
where
To construct our model we proceed as follows: We require that both the potential, V (φ), and A(φ) have Z 2 symmetry. We assume that the scalar field is initially at the stable point φ = 0, where V (φ) = 0, until the Z 2 symmetry breaks. Before the symmetry breaking φ = 0 andφ = 0, so according to (5) : ρ φ = 0 and the dark energy density is negligible. The quintessence squared mass is given byμ 2 = d 2 V dφ 2 | φ=0 and the squared effective mass is defined as
and according to (8) , one finds
Initially, the neutrinos are relativistic (ρ ν ≈ 3P ν ) and for φ = 0 to be a stable solution, it is necessary that the squared effective mass be positive which meansμ
Forμ 2 < 0, this leads to ǫ > 0. Forμ 2 > 0 and ǫ > 0, (19) holds for all values of ρ m . In the following, we take ǫ > 0. A similar analysis may be carried out for ǫ < 0. In this initial state, φ does not contribute in the Universe evolution and obviouslyḢ + H 2 < 0, and the Universe is decelerating. As the universe expands and temperature decreases, neutrinos exit from the relativistic state and ρ ν − 3P ν becomes relevant. We require that this gives rise to the Z 2 symmetry breaking. For φ = 0 to become an unstable point, the squared effective mass has to become negativẽ
As the temperature of the universe decreases, ρ ν − 3P ν increases from zero such that (20) holds, therefore the effective potential becomes concave at φ = 0 and the scalar field rolls down its effective potential, giving rise to a non-zero effective dark energy density. Note that this plan necessitates that A ,φφ φ=0 < 0. From this point, the evolution of the Universe is governed by the following set of equations:
The last above equation is derived using (4), (5), (6) and (7). Solving the above equations analytically is very complicated if not impossible. So to show how the model works, we illustrate our results with a numerical example. In our numerical study, we ignore the neutrinos pressure because in the presence of P ν , (21) becomes very complicated to solve, even numerically. Also, like [28, 33, 36] , we choose A(φ) = e −αφ 2 which satisfies all the conditions mentioned, and where α is a positive constant. We choose the Higgs like potential as
and the parameters of the model as
We choose the following initial conditions
where H 0 is the present Hubble parameter (the Hubble parameter at a = 1). We define dimensionless time τ as τ = tH 0 and the initial conditions are set at τ = 0 when the redshift is z = 2000, i.e. after matter-radiation equality. τ = 0 is set when the neutrinos are completely non-relativistic, i.e. ρ ν − 3P ν ≃ ρ ν . It is worth noting that the scalar field began its motion just after symmetry breaking where P ν was not completely negligible (at τ < 0). We have chosen the parameters such that the Z 2 symmetry breaking is only due to the neutrinos. 
according to Ω φ = 10 −10 , we can see that the chosen initial values for φ andφ give a negligible contribution of dark energy in the total density. Note that ordinary neutrinos which have electroweak interactions, were in thermal equilibrium with ordinary species in the (very) early universe. Here, one can assume that the mass varying neutrinos do not have electroweak interaction (like sterile neutrinos), so the usual relations describing neutrino-photon density ratio may not be still valid.
The deceleration parameter q = − aä a 2 , in terms of the Hubble parameter is given by
where q < 0 yields to a positively accelerated universe and in the minimal coupling models(ǫ = 0), −1 < q < 2. While for the non-minimal coupling models(ǫ = 0), q < −1 is possible, which is equivalent to super-acceleration.
In fig.(1) , the deceleration parameter q is plotted in terms of τ . As we can see, the universe is transited from a deceleration epoch to an acceleration epoch at a time less than the Hubble time. This acceleration begins at the redshift z ≃ 0.5, and at redshift z ≃ −0.2, q becomes slightly less than −1 which indicates super-acceleration of the universe. In fig.(3) , Ω r , Ω m , Ω ν and Ω φ are plotted, which are the relative densities of the radiation, the pressureless matter, the mass-varying neutrinos and the dark energy, respectively. As we can see in fig.(3) , the universe is initially at the matter-dominated era and then at z ≃ 0.2, the universe transits to the dark-energy-dominated era. 
Supplementary scalar field ψ and the late time de Sitter expansion
An interesting question is wether the model has a stable fixed point corresponding to a late time de Sitter expansion. According to (21) the evolution of energy density of the ith component is given by ρ i = ρ i (a = 1)a −3γ , where for radiation γ = 4/3 and for the pressureless matter and mass-varying nonrelativistic neutrinos γ = 1. The fixed (critical) point of (21), at the late time, is characterized byφ = 0 and ρ r = ρ m =ρ ν = 0. Using (5) and (21), it is found that the de Sitter critical point is given by 12ǫH 2 φ + V ,φ = 0,
By inserting the potential (22) in (27) we find
It is obvious that H c and φ c cannot be real simultaneously. Therefore, a single scalar field cannot result in a non-zero late time fixed point. Also, as it was expressed in the previous section, the single scalar field may result in turnaround and singularities. To fix these problems, we rewrite the equations by adding a supplementary quintessence scalar field ψ to the action (1) and investigate how this additional field modifies the evolution of the system by bringing it to a stable late time de Sitter point. Now, we extend our model in the previous section such that the new hybrid model contains these three stages:
First, when the neutrinos are relativistic, both scalar fields are in the minimum of their effective potentials (φ = 0, ψ = 0), so the dark energy density is negligible and the universe is in the deceleration phase.
Second, when the neutrinos become non-relativistic, the effective potential of the scalar field φ becomes concave and the scalar field rolls down its effective potential. In this stage, as the dark energy density increases, the universe can enter the acceleration phase.
Third, as the scalar field φ increases, the squared effective mass of the scalar field ψ becomes negative. Then the scalar field ψ begins to move, too. Finally, as the other densities decrease, both fields and the Hubble parameter reach non-zero constants, so the universe enters de Sitter phase.
We assume that the scalar field ψ interacts only with the scalar field φ via the potential
The new action is given by
Variation of (30) with respect to ψ yields to the equation of motion
Therefore, the squared effective mass of ψ derived according to (29) is
Also, according to the new potential, expression (18) changes as
In the first and second stages, conditions (19) and (20) still hold because ψ = 0. According to (32) , because φ = 0 in the first stage and we want m 2 ef f.
to be positive, the coefficient of m 2 in the potential (29) must be positive. Also, we want the squared effective mass of ψ to be negative in the third stage, so g must be positive. Therefore, the supplementary scalar field begins to move when φ > φ c , where φ c = m 2 /g. According to action (30) , the set of equations (21) is rewritten aṡ a − Ha = 0,
As discussed at the beginning of this section, the late time solution is characterized byφ = 0,ψ = 0 and ρ r = ρ m =ρ ν = 0, which according to (3), (5) and (34) results in
also, the last equation of (34) becomesḢ = 0, which determines the de Sitter regime. Non-trivial solutions of (35) are given by 1
These solutions are real provided that
In the ultimate de Sitter Universe, dark energy is dominant and we have P d f = −ρ d f , where P d f and ρ d f are final dark energy pressure and energy density respectively given by
In order to investigate the stability of solutions (36) , phase space analysis may be used. To do so, we define X T = [x, y, u, v, z ν , z m , z r ] 2 , where
Using these variables and the Friedmann equation (3), one can find
The sufficient condition for (42) to have an attractor solution requires that the real part of all the eigenvalues of Matrix M be negative. At X f , M becomes
Therefore, at X f , matrix M has three eigenvalues − 
The necessary conditions for all the real parts of the four solutions of (48) to be negative are
Obviously, these relations constrain our parameters but obtaining analytical compact form for these constraints is very complicated, if not impossible. Although , by testing various parameters, one can see that several sets of parameters satisfy constraints (37) and (50). However, in order to continue with the numerical example of the previous section, we use the considered parameters (23) in addition to
One can see that these parameters result in the following solutions for equation (48)
where i = √ −1. Therefore, the parameters (23) and (51) make all real parts of M's eigenvalues negative, and according to (36) , the stable late time de Sitter solution is φ f = 11.48,
In order to complete our numerical example in the previous section with the supplementary scalar field, we must note that according to parameters (23) and (51), we have φ c = 6 √ 2. Also, according to the previous numerical example in τ = τ c = 3.949, φ = φ c . Thus, the squared effective mass of the second scalar field becomes negative after τ = τ c , which causes the scalar filed ψ begin to move. So, in order to continue our numerical evaluation, by using the values given by the previous numerical example in τ = τ c , we consider initial conditions in τ = τ c as
So, for 0 ≤ τ ≤ τ c the following graphs are plotted using the set of equations (21) and initial conditions (24) , and for τ > τ c , they are plotted using the set of equations (34) and initial conditions (54). In fig.(4) , the evolution of φ is plotted in terms of dimensionless time τ . According to this figure, φ grows from its insignificant initial value and eventually settles at φ f = 11.48. Also, as one can see, with the activation of ψ at τ = 3.949, there is no longer the singularity at τ = 10. (23) and (51), and initial conditions (24) and (54).
In fig.(5) , the evolution of ψ is demonstrated in terms of dimensionless time τ . This evolution begins at τ = 3.949, and like φ, ψ settles at its fixed point eventually. In fig.(6) , the deceleration parameter q is plotted in terms of dimensionless time τ . As one can see, in the matter-dominant era, q = 1 2 , and at z = 0.5, the universe is positively accelerated and finally stays at the de Sitter point. 
Summary
Inspired by mass-varying neutrino models [27] , and non-minimally coupled cosmological models [31] , we have introduced a new dynamical model to explain the origin and increment of dark energy density and also the beginning of the present cosmic acceleration. In this hybrid model, we have used two scalar fields φ and ψ and a Higgs-like potential with Z 2 symmetry. The first scalar field is non-minimally coupled to the Ricci scalar. This field interacts also with massive neutrinos. In one hand, this interaction makes the neutrino mass a function of the scalar field, and in the other hand relates the scalar field effective mass to the neutrinos. When the mass-varying neutrinos are relativistic, they have no interaction with the scalar field. In this stage, due to the non-minimal coupling of the quintessence to the Ricci scalar, its squared effective mass is positive; therefore, this field gets trapped in the minimum of its effective potential. As the Universe expands and its temperature decreases, the mass-varying neutrinos become non-relativistic and the shape of the quintessence effective potential changes and its squared effective mass becomes negative. Therefore, the initial stable point (with insignificant energy density) becomes unstable and the scalar field begins its evolution such that its density becomes of the same order as dark matter density. In this scenario, the coincidence problem may be related to the initial mass of mass-varying neutrinos (which determines the beginning of dark energy evolution). We have chosen the parameters such that the ratio of densities in present time are in agreement with Planck 2015 and acceleration begins at the redshift z ≃ 0.5. However, this model does not have late time stable fixed point and may encounter singularities unless we introduce a second scalar field modifying the behavior of the system by bringing it to a final de Sitter stable state. The second scalar field interacts only with the first one via its potential. This field is initially trapped in the minimum of its potential. When the first scalar field passes a critical value, the squared effective mass of the second scalar field becomes negative which results in its evolution. Both fields evolve until they reach a stable attractor solution in the late time whose stability is studied in section 3. The second scalar field is necessary for such a solution.
Like the ΛCDM model and unlike the symmetron model, the acceleration is persistent, and the universe finally experiences a de Sitter expansion. However, our model differs from the ΛCDM model, because in this model the dark energy density is dynamical and its initial value is zero. Also, the universe may experience supper-acceleration which is an aspect of non-minimally coupled models [31] .
